Abstract. One of the most effective methods for cooling micro and nano devices to ultra low temperatures is the sideband method. Currently, this approach is being studied experimentally and theoretically. Theoretical results that relate to this method correspond to the case of the interaction of an electromagnetic field with a micro or nano resonator through radiation pressure. Obviously, if you choose a charged micro or nano resonator, the interaction will be different. In this paper, this case is considered and it is shown that cooling will be as effective as in the sideband method. The resulting final equation in the work, for the average value of the quantum number of the cooled resonator, has a surprisingly simple analytical form, which allows for the most complete analysis of the system under study.
Introduction
Currently, there are many ways to optically cool a substance. The most effective method of cooling micro and nano devices is the sideband method [1, 2, 3, 4, 5, 6] . This method shows great promise for using quantum effects (including coherent properties) in hybrid systems [7, 8] but first it is necessary to prepare the mechanical component in the ground state, i.e. cool it as much as possible. The sideband method is based on the connection of a mechanical device, that is, a resonator (target), with a microwave or optical resonator (auxiliary) [8, 9] . Moreover, the frequency of the microwave or optical resonator should be high enough to be in the ground state at ambient temperature. Note that with modern technologies, the average number of photons in such a resonator can be very small [10, 11, 12, 13] and in theoretical calculations this value is usually chosen as n aux = 0. The connection of a mechanical resonator with an electromagnetic field occurs through pressure by radiation. Although this interaction is generally not linear, under real conditions the relationship can be considered linear. In theory, such a relationship is given in the form [8, 9] Ĥ int = g(t)qx, where g(t) is a communication parameter, x is a variable mechanical mode and q is a variable electromagnetic mode. Currently, a system with a Hamiltonian in the form ofĤ =Ĥ t +Ĥ aux +Ĥ int is being actively studied, whereĤ t is the Hamiltonian of the target andĤ aux is the Hamiltonian of the electromagnetic field, with the presence of environment and losses in the cavity [1, 6, 11, 12, 13, 14, 15] . The evolution of the density matrix in the presence of an environment is usually described using a master equation, for example, in the model of Ullersma-Caldeira-Leggett [16, 17] , and many theoretical results have been confirmed experimentally, which confirms the adequacy of the applied model. Currently, the study of such systems is mainly directed towards the optimal selection of the connecting function g(t) for maximum cooling of the target [11, 12, 13, 18] . For example, in [13] it was shown that with the optimal choice of the function g(t) taking into account non-Markov evolution processes of the system under consideration, the average value of the quantum number (phonon) of the target can be n t = 10 −3 . In spite of this, the problem of cooling charged mechanical resonators (charged targets) is relevant. Charged mechanical resonators can be not only simple mechanical systems, but also molecular ions, which expands the field of use of the results obtained in the work. So far, the cooling of such systems has not been implemented, and indeed, such studies are rarely found in the literature.
In this work, it will be shown that the mechanical charged resonator can be cooled to ultra-small quantum states, similar to the method of the sideband. As an example, we will consider the case of cooling a mechanical resonator without taking into account the external environment, where, with certain target parameters and an electromagnetic field, the target can be cooled to the ground quantum state. The main equation showing the average number of quantum states of n t charged resonator has a surprisingly simple analytical form, which allows for the most complete analysis of the n t quantity under investigation.
The model and its solution
Consider the interaction of a charged mechanical resonator (charged target) with a quantized electromagnetic field (auxiliary). The Schrodinger equation for such a system will be in the formĤΨ = i ∂Ψ ∂t , where the HamiltonianĤ iŝ
where ω is the frequency of the mechanical mode of the resonator, Ω is the frequency of the electromagnetic mode,â,b are operators of annihilation of the mechanical and electromagnetic modes, respectively, andĤ int is the Hamiltonian responsible for the interaction of the electromagnetic field with a charged target. Obviously, in the case of interaction with a target having an electric charge of Z and a mass of M t , this interaction will bê
whereÂ is the vector potential of the electromagnetic field, andp is the moment operator of a mechanical resonator. Since a one-dimensional mechanical resonator is considered,p = −i ∂ ∂x i, where i is the unit vector (mechanical resonator is one-dimensional). Since we are interested in the microwave or optical part of the electromagnetic spectrum, we can apply the dipole approximation, in which the coordinate representationÂ = 4πc 2 ΩV uq, where q is the field variable, V is the volume of space in which the electromagnetic field is located, and u is the polarization of the electromagnetic field. Further, for convenience, we use a system of units, where = 1, M t = 1, Z = 1. As a result, we must consider the Hamiltonian
where β = 4π ΩV . A similar Hamiltonian, but set to another problem, was considered in [19] (see also [20, 21] ), where an analytical solution was found for the nonstationary Schrodinger equation with β 1. Indeed, for a realistic microcavity or focal volume [22] , β takes values of the order of 10 −5 − 10 −3 , and usually it is much less than even these values. We write out the basic equation for our case using the results [19] . The wave function of the system under consideration Ψ(x, q, t) will have the form
where Φ m (z) are known wave functions of a harmonic oscillator in a state with a quantum number m. In the case under consideration, s 1 , s 2 are the quantum numbers of the initial states, respectively, for the charged mechanical resonator (charged target) and the electromagnetic field. As shown in [19] , in equation (4) a law of conservation of quantum numbers applies, s 1 + s 2 = m 1 + m 2 , therefore in (4) m 2 is replaced by m 2 = s 1 +s 2 −m 1 . The coefficient a m 1 ,s 1 +s 2 −m 1 (t) is determined by the equation
In equation (6) for α with > 0, the upper sign, must be used; with < 0, the lower sign applies. As shown in [19] with β 1 coefficient α ∈ (−1, 1) and coefficient
where P (b,c) a (x) is the Jacobi polynomial. Thus, the solution of the Schrodinger equation for the problem in question has been found; next, we turn to the results of finding the average number of phonons n t in such a system.
Results
The average number of quantum states (phonons) of a charged resonator will be
Indeed, the probability amplitude to detect a charged resonator in the state |m 1 will be a m 1 = m 1 |Ψ(x, q, t) , and from (4) it is easy to see that a m 1 = a m 1 ,s 1 +s 2 −m 1 (t).
Equation (8) is the basis for further analysis. It should be added that the resulting equation for n t depends on two parameters, α with δt, and n t (α, δt) = n t (−α, δt). In other words, the average number of phonons is an even function with respect to α, which allows us to use only α ∈ (0, 1) for further analysis. We are interested in the maximum cooling of the charged resonator. As mentioned in the introduction, the number of photons in the resonator, under modern conditions, can be very small and in theoretical calculations one can choose a value tending to zero. This means that in our calculations we choose s 2 = 0, and s 1 can be changed arbitrarily, depending on the initial conditions of the problem. If we use the properties of the Jacobi polynomials P (b,c) a (x), then equation (8), for s 2 = 0, can be calculated analytically, leading to a simple equation Figure 1 shows the graph of the function n t /s 1 depending on the two parameters of the system in question: α, δt. It can be seen from figure 1 that for α = 1 and δt = π, the number of phonons n t = 0; this result is also easily shown analytically. As an example, we present the results of calculations n t = n t (α, δt) in figure 2 , with s 2 = 1, and s 1 = (2; 5; 7; 10). Figure 2 shows that the minimum value of n t occurs as well as when s 2 = 0, i.e. with α = 1, δt = π, but min(n t ) = 1. Thus, the best cooling of a charged resonator occurs when s 2 = 0, and α = 1, δt = π. Our data show that it is possible to cool the charged resonator to n t = 0 (albeit without taking into account various losses) for certain system parameters. We also find the condition for the occurrence of such cooling. As shown, the maximum cooling occurs when s 2 = 0 and α = 1; therefore, in further analysis, we assume that the cooling is the most intensive at α ≈ 1. For β 1 and α ≈ 1, based on equation (6), the condition | | 1 must be satisfied, and Ω ≈ ω, and also δ ≈ β √ ω. In this case, = ∆ω β √ ω , where ∆ω = Ω − ω. As a result, we obtain ≈ ∆ω δ 1, or more simply ∆ω δ. As a result, the maximum cooling of the resonator will be at s 2 = 0 when the condition ∆ω δ is satisfied.
Conclusion
The results show that there is a theoretical possibility of cooling a charged resonator to the zero quantum state n t = 0. It should be added that our results did not take into Figure 1 . 3D graph of the function n t /s 1 as a function of the parameters α, δt account any external influences on the system under consideration, which of course would lead to different results. Despite this, the theoretical result reported on here is interesting and suggests that this line of research should be pursued, both theoretically and experimentally. The results obtained in the work have a surprisingly simple analytical form, which is especially true for equation (9) . The fact that the results were obtained in an analytical form allowed us to single out the fundamentals of the parameters of the system under consideration at which the maximum cooling of the charged resonator occurs. Physically, this means that with these optimal parameters of the system in question, energy exchange between the electromagnetic field and the charged resonator occurs with greatest efficiency, to the fact that the vibrational energy of a charged resonator transforms into the energy of an electromagnetic field, depending on the interaction time. Indeed, it is easy to draw such a conclusion, given that there is a preservation of quantum numbers s 1 + s 2 = m 1 + m 2 (see above or [19] ) and if we average this expression, we get s 1 + s 2 = n t (α, δt) + n aux (α, δt), where n t is the average number of phonons in the system, and n aux is the average number of photons in the system. Since s 1 + s 2 = const, and n t (α, δt) has a dependence which is shown in equation (9), then reducing the number of phonons by a certain amount α=1 α=1/2 α=1/5 α=1/10 Figure 2 . The dependence is n t = n t (δt) when s 2 = 1, and s 1 = (2; 5; 7; 10) (on charts it is bottom-up) and a fixed value of α. The dependence on s 1 on the presented graphs is such that when n t (δt = 0) = s 1 increases the number of photons by the same value i.e. there is an exchange of energy. 
